We re-elaborate on the recent basic result that the action of any multilayer is equivalent to a proper Lorentz transformation. As a consequence, we propose simple optical measurements that can serve as an analogue computer for simulating special relativity. Special attention is paid to the question of the Wigner rotation, showing that it can be easily observed in multilayers.
Introduction
The Lorentz group plays a fundamental role not only in special relativity, but in many branches of physics [1] . In modern optics (both classical and quantum) it is difficult to overestimate its importance [2] . By way of example, it is worth recalling that the symplectic group Sp (2, R) , which is locally isomorphic to the (2 + 1)-dimensional Lorentz group SO (2, 1) , is the natural mathematical parlance for linear canonical transformations [3] and has recently found a great many uses in geometrical optics [4] - [6] . There have been also many interesting attempts to construct a consistent mathematical representation for polarization optics based on the Lorentz group [7] - [13] . Likewise, the importance in quantum optics of the group SU (1, 1) , also locally isomorphic to SO(2, 1) (especially in connection with squeezed states of light), has been emphasized [14] - [16] .
In consequence, it has been suggested that modern optics can serve as an analogue computer for special relativity, just as the LCR circuit is an analogue of the forced harmonic oscillator [17] . However, most of the proposed experimental tests involve the use of squeezed states [18] - [20] (which belong to the realm of quantum optics) and require a relatively new and complicated technology that is not available in every laboratory.
In this respect it is worth emphasizing that it is also possible to reformulate multilayer optics in a fully relativistic-like manner. The pioneer work of Vigoureux and Grossel [21] has drawn attention to the formal analogy between (complex) field amplitudes at the multilayer and (real) coordinates in a (1 + 1)-dimensional space-time. In this way, they arrived at a similarity between the composition law of reflected amplitudes and the composition law of velocities; although noting the essential difference that reflection coefficients are complex quantities, whereas velocities are real quantities.
We have devoted some effort to straighten out the ultimate basis of this analogy. To this end, we have shown [22] that the matrix describing a lossy multilayer is an element of the group SL(2, C) of unimodular (2 × 2) complex matrices, which is locally isomorphic to the (3 + 1)-dimensional Lorentz group SO (3, 1) . For the outstanding case of lossless multilayers, this matrix belongs to the group SU (1, 1) [23] . Therefore, a natural identification of the multilayer reflection and transmission coefficients with the parameters of a Lorentz transformation emerges. This is more than a formal equivalence, since one can be now confident of the fact that experiments using multilayers have to be in full agreement with the kinematics of special relativity. In particular, within this framework, in [24] we have discussed the optical implementations of two of the more popular predictions of the latter; namely, length contraction and time dilation.
In this paper we wish to concentrate on the well known, yet striking, fact that the composition of two non-collinear pure boosts is not another boost, but renders an additional spatial rotation [25, 26] . The angle of this rotation is generally called the Wigner angle [27] , and is the kinematic effect underlying the Thomas precession [28] . Physically, the best known manifestation of this precession is the appearance of a factor 1/2 in the spin-orbit coupling in atomic physics, which is caused by the extra rotation an electron in a circular orbit feels in its own rest frame [29, 30] .
In a recent paper, Vigoureux and Labeke [31] pointed out that both the Thomas precession in special relativity and the Pancharatnam phase in polarization optics [32] have a structure quite reminiscent of the phase appearing in the composition of the reflected amplitudes from multilayers. In fact, in [33] we identified the Wigner angle as the phase of the transmission coefficient of the compound multilayer that results from putting together two lossless multilayers, which allows for a simple experiment to determine it. We stress that although the Wigner angle has been interpreted from a variety of physical and mathematical points of view and has been inferred from its effects (e.g. the factor 1/2 in the spin-orbit coupling), to the best of our knowledge it has been never determined directly from experiment. Therefore, we have a good opportunity to check a concept of great physical importance in a rather simple way.
Moreover, this Wigner angle can be viewed as the geometric phase or anholonomy (for a complete account of the achievements in this field see [32] ) associated with a triangular circuit in the rapidity space [34] - [37] . It is worth mentioning that the geometric phases associated with the group SU (1, 1) (or SO(2, 1)) have been previously identified, being always proportional to the area of a closed circuit on the unit hyperboloid. Among other examples, polarization optics [38, 39] and the Gouy effect [40] for Gaussian beams have been exploited to highlight this phenomenon. Experimental schemes to measure these phases by parametric amplification [41] - [43] and squeezed states of light [20] have been also analysed. For lossless multilayers the rapidity space is also the unit hyperboloid associated with SU (1, 1) [44] and in this work we show a simple optical experiment that allows us to trace a triangle on the hyperboloid and to explicitly compute the geometric phase as the area enclosed by the loop.
Multilayer optics is a common topic in undergraduate optics courses [45, 46] , but it is usually approached from a practical point of view, in relation to antireflection coatings and the like. We wish to stress that the benefit of our formulation does not lie in any inherent advantage in terms of efficiency in solving or understanding problems in layered structures. The interest of this new viewpoint is twofold: first, optical properties of stratified planar structures appear in complete equivalence with special relativity, and then the curious composition law for reflection and transmission coefficients emerge as a direct consequence of the abstract composition law of the Lorentz group. Second, and perhaps more important, the appearance of phase shifts in those coefficients can be interpreted in a natural way in terms of geometrical phases, confirming the generalized belief (originating from the seminal work of Berry (see [32] )) that such phases are commonplace in physics. 
Relativistic-like representation of the action of a multilayer

The group of multilayer matrices
Let us consider a stratified structure that consists of a stack of 1, . . . , j, . . . , m plane-parallel layers (both lossy and lossless) sandwiched between two semi-infinite ambient (0) and substrate (m+1) media. All the media are supposed to be linear, homogeneous, and isotropic. We choose the Z-axis perpendicular to the boundaries and directed as in figure 1. We denote by N j and θ j , respectively, the complex refractive index and the angle of refraction of the j th medium.
We assume an incident monochromatic, linearly-polarized plane wave from medium 0, which makes an angle θ 0 with the normal to the first interface and is of amplitude E (+) a . The electric field is either in the plane of incidence (p polarization) or perpendicular to the plane of incidence (s polarization). We also consider another plane wave of the same frequency and polarization, and amplitude E (−) s , incident from the substrate at an angle θ m+1 , as indicated in figure 1 .
Due to multiple reflections in all the interfaces, we obtain as a net result a backwardtravelling plane wave in the ambient, denoted by E (−) a , and a forward-travelling plane wave in the substrate, denoted by E (+) s . Since the equations that govern the propagation of light are linear, the amplitudes of the output fields are related to those of the input fields by [47, 48] 
where R as and T as are, respectively, the overall reflection and transmission coefficients for a wave incident from the ambient and R sa and T sa refer to the corresponding coefficients for a wave incident from the substrate. It is worth noting that although these equations are written for electromagnetic waves it is possible to translate all the results for particle-wave scattering, since there is a one-to-one correspondence between the propagation in planar stratified media of electromagnetic waves and of the non-relativistic particle waves satisfying the Schrödinger equation [49] .
The field amplitudes at each side of the multilayer are related by a (2 × 2) complex matrix M as , we shall call a multilayer matrix, in the form
From (1) we directly obtain
where
To avoid misunderstandings with the terminology we note that the more usual scattering matrix (relating output fields to input fields) differs from the multilayer matrix.
We have recently established the fact that, when the ambient and substrate media are the same the determinant of the matrix M as is +1. When these media are different this result also holds by renormalizing, conveniently, the field amplitudes [22] . In short, this shows that any multilayer matrix belongs to the unimodular group SL(2, C) of (2 × 2) complex matrices with unit determinant.
For the outstanding case when all the media are transparent and there is no total reflection on any interface, every Fresnel coefficient at each interface and every phase shift in each layer is real. Then, if we put
it is easy to prove that [23]
which is a generalization of the well known Stokes relations for the overall stack. For a single interface these Stokes relations can be easily obtained using the time-reversal invariance. Similar results can be also derived in particle scattering from the unitarity requirement on the S matrix. However, note that the equality |R as | = |R sa | implied by (6) can become counterintuitive when applied to particle reflection, since one might expect stronger reflection for particle waves moving up in a potential gradient than for those going down. In fact, these relations, as emphasized by Lekner [49] , ensure that the reflectivity is exactly the same in the two cases, unless there is total internal reflection. In consequence, we can rewrite now the multilayer matrix as
and, once again, when the ambient and substrate media are the same the determinant of the matrix M as is +1. This shows that the set of lossless-multilayer matrices reduces to the group SU (1, 1), which is a subgroup of SL(2, C) of the form
with |a| 2 − |b| 2 = 1. Therefore, in what follows we shall assume multilayers sandwiched between identical ambient and substrate media, which, in fact, is the usual experimental situation.
Note that the identity matrix has T as = 1 and R as = 0, so it represents a lossless antireflection system. Then, two multilayers, which are inverse, when put together give an antireflection system. This construction could become unrealistic because of absorption, since it would involve the presence of amplifying media.
The (3 + 1)-dimensional Lorentz group revisited
In order to keep the paper as self-contained as possible, let us briefly summarize some well established facts about (3+1)-dimensional Lorentz transformations. In the (3+1)-dimensional Minkowski space, we introduce the four vectors of components
, where x 0 = ct. A transformation between two coordinate frames
(the Greek indices run from 0 to 3) is a Lorentz transformation when the pseudo-Euclidean norm 1, do not. We shall deal with the restricted (or proper ortochronus) Lorentz group, which is denoted by SO(3, 1) and depends on six parameters; namely, the three parameters of a spatial rotation and the three components of a boost along an arbitrary direction. We discuss now a very close correspondence between SL(2, C) and SO (3, 1) . Both are six-parameter groups, and the correspondence we are going to discuss is a straightforward generalization of the well known homomorphism between the three-dimensional rotation group SO(3) and the two-dimensional unimodular-unitary group SU (2) [50] .
The homomorphism between SL(2, C) and SO(3, 1) is usually shown explicitly in the following form [51] we recall for clarity: Let σ µ be the set of four Hermitian matrices σ 0 = I (the identity) and σ k (the Pauli matrices). With each four-vector x µ we associate the (2 × 2) Hermitian matrix
and then the coordinates x µ can be obtained as (15) This equation can be easily solved to obtain M from a given . Clearly the matrices M and −M generate the same , so this homomorphism is two to one. The matrices M form a two-dimensional spinor representation of the restricted Lorentz group SO (3, 1) ; that is,
On the other hand, from our basic field variables
for both ambient and substrate media, we can construct the associated coherency matrix [52] defined as
which transforms as
That is just the same law as the space-time coordinates in equation (14) . In consequence, we can obtain the corresponding space-time counterparts for the field variables as tr(
and the analogous ones for the ambient medium. Thus, we obtain the important result that ambient and substrate media can be viewed as two reference frames connected by a Lorentz transformation [21] . The temporal coordinate e 0 is the semisum of the fluxes at each side of the multilayer, while the fourth one, e 3 , is the semidifference of fluxes. The interval remains invariant
and it is light like.
To finish, it is worth mentioning that in [12, 13] it has been shown that both the Jonesmatrix formalism and the Stokes parameters in polarization optics can be reformulated as two different representations of the same Lorentz group. In this context, our basic field variables (16) are equivalent to the Jones vector, while (19) are the equivalent to the Stokes parameters. In other words, the multilayer matrix M can be seen as the analogous to the Jones matrix and in (15) is the analogous to the Mueller matrix. This provides an important link between both fields that leads us to expect that the experimental tests we shall propose in the next section could be discussed for polarization optics in a similar form.
Multilayer matrices as Lorentz transformations
Let us investigate in more detail the physical meaning of the Lorentz transformation induced by a multilayer matrix. As it is well known [28] , a restricted Lorentz transformation can be always decomposed into a product of a three-dimensional spatial rotation R and a boost L along an arbitrary direction
The analogous factorization in SL(2, C) is provided by the polar decomposition, which ensures that any matrix M ∈ SL(2, C) can be expressed in a unique way in the form M = HU (22) where H is positive definite Hermitian and U is unitary. Under the homomorphism previously discussed, H generates a boost and U generates a rotation, in agreement with equation (21) . For the relevant case of lossless multilayers, represented by matrices of the subgroup SU (1, 1) as in equation (7), it can be checked by simple inspection that the explicit form of the polar decomposition reads as
and then it is easy to show that the unitary component U generates, the spatial rotation that is a rotation in the plane x 1 -x 2 of an angle of twice the phase of the transmission coefficient of the multilayer. Similarly, the Hermitian component H generates the boost
where the velocity β and the relativistic factor γ = 1/ 1 − β 2 of this boost are given by
The matrix L(H) is then a boost to a reference frame moving with a constant velocity β = v/c in the plane x 1 -x 2 , in a direction forming a counter clockwise angle ρ (phase of the reflection coefficient) with the axis x 1 . In other words, for lossless systems there is no component of the velocity along the axis e 3 and so the existence of a boost in that direction, e 3 , can be interpreted as a signature of absorption.
If, as is usual, we introduce the rapidity ζ from the relations β = tanh ζ γ = cosh ζ (27) we have the following very appealing identification of the lossless multilayer reflection and transmission coefficients with the parameters of the Lorentz transformation:
Therefore, |R as | = tanh(ζ /2), behaves as a velocity, while |T as | behaves as 1/γ .
Testing geometric phases from lossless multilayers
The composition law for lossless multilayers and the Wigner angle
As we said in the introduction, all the above results can be used to design an optical experiment to test length contraction or time dilation [24] . However, in this section we shall concentrate on the more involved and interesting phenomenon of the Wigner angle (or Thomas rotation). To fix the physical background, consider three frames of reference K, K and K (see figure 2) . Frames K-K and K -K have parallel respective axes. Frame K moves with uniform velocity β 2 with respect to K , which in turn moves with velocity β 1 relative to K. The can be decomposed as
An equivalent decomposition in terms of a boost with the same modulus of β but with a different direction postmultiplied by the same rotation is also possible [26, 34] , although it is irrelevant for our purposes here. In words, this means that an observer in K sees the axes of K rotated relative to the observer's own axes by a Wigner rotation described by R( ). More explicitly, it is possible to show that the axis and angle of this rotation are given by [27] (30) where is the angle between β 1 and β 2 , and
γ 1 and γ 2 being the corresponding factors for β 1 and β 2 , while ζ 1 and ζ 2 are the rapidities. This implies that tan( /2) depends on the velocities as β 1 β 2 , so the Wigner rotation is a second-order effect and is absent in the non-relativistic limit.
On the other hand, the resulting boost L (12) (β) has a velocity of modulus satisfying
while the direction of β has a complicated expression of little use here [27] . Let us now consider the equivalent problem for multilayers [33] . First of all, it is worth noting that the two combining boosts and the resulting one are in the same plane, usually assumed for simplicity to be the x 1 -x 2 plane, which means that all the boosts involved are of SO (2, 1) . Therefore, we can consider only lossless multilayers in SU (1, 1) to investigate the same physical phenomena.
We shall restrict our attention to the composition of two Hermitian matrices H 1 and H 2 (that is, two lossless multilayers with τ 1 = τ 2 = 0) since, as explained in section 2.3, they are equivalent to pure boosts. In complete analogy with equation (29) we have now, after simple calculations, (12) | R (12) exp(−i )/|T (12) 
In consequence, the appearance of the extra unitary matrix U is the signature of the Wigner rotation in the multilayer composition. According to (24) , the Wigner angle viewed in SO(2, 1) is just twice the phase of the transmission coefficient of the compound multilayer. Obviously, when ρ 1 = ρ 2 the Wigner rotation is absent, since then we are dealing with two parallel boosts whose composition leads to the famous Einstein addition law of velocities. No matter what values the reflection amplitudes R 1 and R 2 (subject only to |R 1 | 1 and |R 2 | 1) have, the modulus of overall amplitude |R (12) | cannot exceed unity, just in the same way as it happens in special relativity [21] with velocities. (36), which represents the space of field states. The multilayers discussed in the text perform the geodesic triangle marked as a white line on the hyperboloid.
The Wigner angle as an anholonomy: building a geodesic triangle in the Minkowski space
Special relativity could be expressed not only in terms of Minkowskian geometry (as in the previous sections), but also in terms of hyperbolic geometry. In this way the set of uniform motions (i.e. boosts) can be regarded as a hyperbolic space, provided the velocity β is replaced by the hyperbolic parameter ζ = tanh −1 (β), which constitutes the usual rapidity space and whose line element has a Lobachevskian metric, as has been known for a long time [53] . Stated in global terms, this implies that a triangle in this rapidity space obeys a non-Euclidean geometry and, in our context, this results in the fact that the parameter γ in (32) for the compound boost L (12) (β) can be recast as cosh ζ = cosh ζ 1 cosh ζ 2 + sinh ζ 1 sinh ζ 2 cos (35) which is nothing but the hyperbolic law of cosines for the triangle induced by the boosts L 1 , L 2 and L (12) . Therefore, given two sides and the included angle of the triangle (corresponding to the two non-collinear boosts we wish to combine) one can determine the third side and its angle by a simple use of hyperbolic trigonometry.
This rapidity triangle can be viewed as imbedded in the usual unit hyperboloid, which is a manifold of constant negative curvature (of value −1). The analogous triangle for rotations instead of boosts is traced on the unit sphere (of curvature +1) and the area enclosed by the triangle on the sphere is the geometric phase [32] , which is related to the anholonomy of the manifold. Thus, it is tempting to infer that the Wigner angle is just the area of the triangle on the hyperboloid, with the opposite sign to that of rotations. In fact, this is true as proved by Aravind and others, see [34] - [37] . We stress that the interpretation of the Wigner angle as an area is a keystone for its identification as a geometric phase.
In addition, we recall [54, 55] that for a hyperbolic (spherical) triangle the sum of angles is less (greater) than π , with the angular defect (excess) being equal to the area of the triangle on the unit hyperboloid (sphere).
In our problem, since for lossless multilayers the coordinate e 3 remains invariant, equation (20) then reduces to
Without loss of generality we can take e 3 = 1 and then we are working on the unit two-sheeted hyperboloid of SO (2, 1) , as represented in figure 3 . In consequence, we shall henceforth omit the coordinate e 3 .
To test the geometric phase with lossless multilayers, one must arrange a stack so as to build a closed loop on this hyperboloid [44] . To be more specific and to shed light on the geometrical character of the Wigner angle, we wish to consider three multilayers represented by Hermitian matrices (i.e. equivalent to pure boosts) in such a way that we could close a geodesic triangle or, according to (33),
Note that the compound multilayer represented by the matrix 12) is an antireflection system since, from equation (23), it satisfies R as = 0 and |T as | = 1.
There are many ways of synthesizing an antireflection system as a product of three Hermitian components. For definiteness, we choose as H 2 a symmetric multilayer with parameters
Then it can be checked from equation (37) that the coefficients for the third multilayer H −1
(12) , we shall denote as T 3 and R 3 , must satisfy
From (6) 
Incidentally, taking into account the definition of the rapidity, it is trivial to check that the hyperbolic law of cosines for the triangle (35) 
By the homomorphism between SU (1, 1) and SO(2, 1), we have, in agreement with (37)
where R(2τ ) is given by (24) . Then, the product of these three pure boosts is equivalent to a spatial rotation of the argument of twice the transmission phase shift of the overall multilayer. The action of each multilayer on the electric fields can be conveniently pictured in terms of the corresponding space-time coordinates on the hyperboloid. If we denote by A, B, C and D, the points on the hyperboloid representing the fields at the points a, b, c and d, respectively, we have
In figure 3 we plotted these points and the geodesic triangle that they define on the upper sheet of the hyperboloid. In this example the points plotted correspond to those in equation (43) with |R 1 | = 1/ √ 3 and ρ 1 = 4π/3. Now, one can test that the area of this geodesic triangle is just 2τ , which confirms the fact that the Wigner angle must be understood as the anholonomy of this triangle.
Finally, to show an explicit experimental implementation of this phenomenon, let us take as the first multilayer H 1 the lossless system formed by two thin films, one of zinc sulphide (with refractive index n 1 = 2.3 and thickness d 1 = 80 nm) and the other of cryolite (n 2 = 1.35, d 2 = 104 nm), deposited on a glass substrate (n 3 = 1.5, d 3 = 1.3 mm), and imbedded in air, as shown in figure 4 . Such a simple system could be manufactured with standard evaporation techniques. The field has a wavelength in vacuo of λ 0 = 546 nm and propagates from the ambient at normal incidence. We performed a computer simulation of the performance of this multilayer, H 1 , using a standard package and obtaining T 1 = 0.9055 and R 1 = 0.3736 − 0.2014i, which in turn gives τ 1 = 0 and ρ 1 = −0.4944 rad.
Our second multilayer, H 2 , is a symmetric system formed by two films of zinc sulphide of thicknesses d 4 = d 6 = 40 nm separated by a spacer of air with a phase thickness of δ 5 = 3.707 rad. For this subsystem we have T 2 = 0.9399 and R 2 = 0.3413i, and therefore τ 2 = 0 and ρ 2 = π/2 rad. As the third multilayer, H −1 (12) , we take the same system as H 1 , but in the reverse order. In consequence, we now obtain T 3 = 0.9055 and R 3 = −0.3736 − 0.2014i, and then τ 3 = 0 and ρ 3 = −2.6472 rad.
When the three multilayers are put together the compound system has |T as | = 1, R as = 0 and τ = arg T as = −0.1361 rad.
In figure 4 we also plotted the three boosts in SO(2, 1) associated with each of these multilayers. In the x 1 -x 2 plane the components of the equivalent boost of the first multilayer are β 1 = (0.6332, −0.3413), for the second β 2 = (0, 0.6113) and for the third β 3 = (−0.6332, −0.3413); while for the compound multilayer β = 0, since the final result is a pure spatial rotation.
Conclusions
We have shown that the matrix representing the action of a general multilayer belongs to the group SL(2, C), which is locally isomorphic to the (3 + 1)-dimensional Lorentz group SO (3, 1) . For the particular and relevant case of lossless multilayers we are faced with the subgroup SU (1, 1), which is locally isomorphic to the (2 + 1)-dimensional Lorentz group SO (2, 1) . For lossless multilayers we have found the parameters of the equivalent Lorentz transformation.
The important point is that we can use multilayer stacks to visualize special relativity. Furthermore, using the composition law of lossless multilayers we have also proposed a very simple and feasible optical experiment that allows for the direct measurement of the Wigner angle and for its interpretation as a geometric phase. This could confirm, in an optical context, a basic issue of special relativity that, as far as we know, has been never directly measured but has only been inferred from its effects.
Finally, we wish to stress that although other experiments have been proposed with the same purposes, they require relatively new technology and are more difficult to implement in practice. On the contrary, our scheme is feasible and simple to understand.
